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Abstract 

We consider the damped nonlinear wave (NLW) equation driven by a 
spatially regular white noise. Assuming that the noise is non-degenerate 
in all Fourier modes, we establish a large deviations principle (LDP) for 
the occupation measures of the trajectories. The lower bound in the 
LDP is of a local type, which is related to the weakly dissipative na¬ 
ture of the equation and seems to be new in the context of randomly 
forced PDE’s. The proof is based on an extension of methods developed 
in [JNPS] and [JNPS14] in the case of kick forced dissipative PDE’s with 
parabolic regularisation property such as, for example, the Navier-Stokes 
system and the complex Ginzburg-Landau equations. We also show that a 
high concentration towards the stationary measure is impossible, by prov¬ 
ing that the rate function that governs the LDP cannot have the trivial 
form (i.e., vanish on the stationary measure and be infinite elsewhere). 
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0 Introduction 

This paper is devoted to the study of the large deviations principle (LDP) for 
the occupation measures of the stochastic nonlinear wave (NLW) equation in a 
bounded domain D C ffi 3 with a smooth boundary dD: 

d^u + jdtu - Au + f(u) = h(x) + u|aD = 0, (0.1) 

[ti(0),«(0)] = [u 0 ,wi]. (0-2) 

Here 7 > 0 is a damping parameter, ft is a function in Hq(D ), and / is a 
nonlinear term satisfying some standard dissipativity and growth conditions 
(see (1.1)-(1.3)). These conditions are satisfied for the classical examples /(it) = 
sin it and /(it) = \u\ p u— Ait, where Agl and p £ (0,2), coming from the damped 
sine-Gordon and Klein Gordon equations. We assume that i?(f, x) is a white 
noise of the form 

OO 

1 9(t,x) = d t £(t,x), £(t,x) ='^2 b j /3 j (t)e j (x), (0.3) 

i=i 

where {//■} is a sequence of independent standard Brownian motions, the set 
of functions {ej} is an orthonormal basis in L 2 (D) formed by eigenfunctions 
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of the Dirichlet Laplacian with eigenvalues {Aj}, and {bj} is a sequence of real 
numbers satisfying 

OO 

*Bi := < oo. (0.4) 

3 =1 

We denote by (u t ,P u ),u t = [u t ,ut] the Markov family associated with this 
stochastic NLW equation and parametrised by the initial condition u = [ito, ui]. 
The exponential ergodicity for this family is established in [Marl4], this result 
is recalled below in Theorem 1.1. 

The LDP for the occupation measures of randomly forced PDE’s has been 
previously established in [Gou07b, Gou07a] in the case of the Burgers equation 
and the Navier-Stokes system, based on some abstract results from [WuOl]. In 
these papers, the force is assumed to be a rough white noise, i.e., it is of the 
form (0.3) with the following condition on the coefficients: 

cj~ a < bj < Cj~^~ e , i < a < 1, e £ ^0, a - i . 

In the case of a perturbation which is a regular random kick force, the LDP is 
proved in [JNPS, JNPS14] for a family of PDE’s with parabolic regularisation 
(such as the Navier-Stokes system or the complex Ginzburg-Landau equation). 
See also [JNPS15] for the proof of the LDP and the Gallavotti-Cohen principle 
in the case of a rough kick force. 

The aim of the present paper is to extend the results and the methods of these 
works under more general assumptions on both stochastic and deterministic 
parts of the equations. The random perturbation in our setting is a spatially 
regular white noise, and the NLW equation is only weakly dissipative and lacks 
a regularising property. In what follows, we shall denote by p the stationary 
measure of the family (u t ,P u ), and for any bounded continuous function ip : 
Hq(D) x L 2 (D) —> R, we shall write (ip,p) for the integral of ip with respect 
to p. We prove the following level-1 LDP for the solutions of problem (0.1), (0.3). 

Main Theorem. Assume that conditions (0.4) and (1.1)-(1.3) are verified 
and bj > 0 for all j > 1. Then for any non-constant bounded Holder-continuous 
function ip : Hq(D) x L 2 (D) —>• R, there is e = s(ip) > 0 and a convex func¬ 
tion 1^ : R —>■ R+ such that, for any u £ H S+1 (D) x H S (D) and any open 
subset O of the interval ((ip, p) — e, (ip, p) + e), we have 

lim — logP u l - [ iP(u(t))(1t £ o\ = — inf I^’(a), (0.5) 

t-t oo t [t Jo J a£ ° 

where s > 0 is a small number. Moreover, limit (0.5) is uniform with respect 
to u in a bounded set of H S+1 (D) x H 5 (D). 

We also establish a more general result of level-2 type in Theorem 1.2. These 
two theorems are slightly different from the standard Donsker-Varadhan form 
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(e.g., see Theorem 3 in [DV75]), since here the LDP is proved to hold locally on 
some part of the phase space. 

The proof of the Main Theorem is obtained by extending the techniques 
and results introduced in [JNPS, JNPS14]. According to a local version of the 
Gartner-Ellis theorem, relation (0.5) will be established if we show that, for 
some /3 q > 0, the following limit exists 



and it is differentiable in /3 on (— /3q,(3o)- We show that both properties can be 
derived from a multiplicative ergodic theorem, which is a convergence result for 
the Feynman-Kac semigroup of the stochastic NLW equation. A continuous- 
time version of a criterion established in [JNPS14] shows that a multiplicative 
ergodic theorem holds provided that the following four conditions are satis¬ 
fied: uniform irreducibility, exponential tightness, growth condition, and uni¬ 
form Feller property. The smoothness of the noise and the lack of a strong 
dissipation and of a regularising property in the equation result in substantial 
differences in the techniques used to verify these conditions. While in the case of 
kick-forced models the first two of them are checked directly, they have a rather 
non-trivial proof in our case, relying on a feedback stabilisation result and some 
subtle estimates for the Sobolev norms of the solutions. Nonetheless, the most 
involved and highly technical part of the paper remains the verification of the 
uniform Feller property. Based on the coupling method, its proof is more intri¬ 
cate here mainly due to a more complicated Foia§- Prodi type estimate for the 
stochastic NLW equation. We get a uniform Feller property only for potentials 
that have a sufficiently small oscillation, and this is the main reason why the 
LDP established in this paper is of a local type. 

The paper is organised as follows. We formulate in Section 1 the second 
main result of this paper on the level-2 LDP for the NLW equation and, by 
using a local version of Kifer’s criterion, we reduce its proof to a multiplicative 
ergodic theorem. Section 2 is devoted to the derivation of the Main Theorem. 
In Sections 3 and 4, we are checking the conditions of an abstract result about 
the convergence of generalised Markov semigroups. In Section 5, we prove the 
exponential tightness property and provide some estimates for the growth of 
Sobolev norms of the solutions. The multiplicative ergodic theorem is estab¬ 
lished in Section 6. In the Appendix, we prove the local version of Kifer’s 
criterion, the abstract convergence result for the semigroups, and some other 
technical results which are used throughout the paper. 
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Notation 


For a Banach space X , we denote by i? Y (a, R) the closed ball in X of radius R 
centred at a. In the case when a = 0, we write Bx(R)- For any function 
V : X — > R, we set Osct^F) := sup Y V — inf_ Y V. We use the following spaces: 
L°°(X) is the space of bounded measurable functions ip : X —> K. endowed with 
the norm Halloo = sup„ ex \ip(u)\. 

Cb(X ) is the space of continuous functions ip £ L°°(X), and C+(X) is the space 
of positive continuous functions ip : X — > R. 


C£(X), q £ (0,1] is the space of functions / £ Cb(X) for which the following 
norm is finite 


Ill’ll Cl = IIV'lloo +sup 

U^V 


I ipju) - ip{v)\ 

||U-U||9 


M{X) is the vector space of signed Borel measures on X with finite total mass 
endowed with the topology of the weak convergence. Xi+{X) C M(X) is the 
cone of non-negative measures. 

V(X) is the set of probability Borel measures on X. For p £ V{X) and ip £ 
Cb(X), we denote (ip,p) = f x ip(u)p(du). If pi,P2 £ 'P(X), we set 


\pi - 1*2 !var = sup{|/zi(r) - ^t 2 (F)| : T e B(X)}, 


where B(X) is the Borel cr-algebra of X. 

For any measurable function tu : X —> [1, + 00 ], let C m (X) (respectively, L“(A)) 
be the space of continuous (measurable) functions ip : X —> K. such that |'0(w)| < 
C'tu(u) for all u £ X . We endow C m (X) and L„{X) with the seminorm 


\ip(u)\ 
= sup — rT - 

u&X tU (U) 


V m (X) is the space of measures p £ V(X) such that (tu , p) < 00 . 

For an open set D of R 3 , we introduce the following function spaces: 

L p = L P {D) is the Lebesgue space of measurable functions whose p th power is 
integrable. In the case p = 2 the corresponding norm is denoted by |j ■ ||. 

H s = H*(D),s > 0 is the domain of definition of the operator (—A) 5//2 endowed 
with the norm || • || 5 : 


1 

j OO 

OO 1 

((-A)*/ 2 ) = 

1 u = ^ ", u j e j ^ ^ ■ 

{ 3=1 

: imi* : =J2 a j u j < 00 1 

i= 1 ) 


In particular, H 1 coincides with Hq(D ), the space of functions in the Sobolev 
space of order 1 that vanish at the boundary. We denote by H~ s the dual of H s . 
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1 Level-2 LDP for the NLW equation 

1.1 Stochastic NLW equation and its mixing properties 

In this subsection we give the precise hypotheses on the nonlinearity and recall 
a result on the property of exponential mixing for the Markov family associated 
with the flow of (0.1). We shall assume that / belongs to C 2 (R), vanishes at 
zero, satisfies the growth condition 

|/"(u)|<C'(|ur 1 + i), (l.i) 

for some positive constants C and p < 2, and the dissipativity conditions 

l ? (w)>C , “ 1 |/ , (u)| £ ?-izu 2 -C, ( 1 . 2 ) 

f{u)u — F{u) > —vi i 2 — C, (1.3) 

where F is a primitive of f,v is a positive number less than (Ai A 7 )/ 8 . Let 
us note that inequality ( 1 . 2 ) is slightly more restrictive than the one used 
in [Marl4]; this hypothesis allows us to establish the exponential tightness 
property (see Section 5.1). We consider the NLW equation in the phase space 
T~L = Ft 1 x L 2 endowed with the norm 

! u lw = IKII? + IK + cuti|| 2 , u=[m,« 2 ]eH, (1.4) 

where a = 0 ( 7 ) > 0 is a small parameter. Under the above conditions, for 

any initial data Uo = K> wi] £ H, there is a unique solution (or a flow) iq = 
u(f;uo) = [u t ,u t ] of problem (0.1)-(0.3) in T~L (see Section 7.2 in [DZ92]). For 
any seK, let T~L 5 denote the space H s+1 x F[ 5 endowed with the norm 

l u lw* = IMIs+l + IK + otuiWl, u = K> u 2] G 

with the same a as in (1.4). If Uo G "H 5 and 0 < s < l—p/2, the solution u(t;uo) 
belongs 1 to H. 5 almost surely. Let us define a function ro : H —> [0, cx)] by 

ro(u) = 1 + |u|^ s + £ 4 (u), (1.5) 

which will play the role of the weight function. Here 

£(u) = |u|« + 2/ F(u±) dx, u = [ui,U 2 ] G H, 

J D 

is the energy functional of the NLW equation. 

We consider the Markov family (u*,P u ) associated with (0.1) and define the 
corresponding Markov operators 

: C b {H) ->• C b (/H), W(u)= / ^)P t (u, do), 

JH 

qq 3 t V(r) = f p t (o,r)cr(do), t>o, 

Ju 

'Some estimates for the 'H s -norm of the solutions are given in Section 5.2. 
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where Pt(u, T) = P u {ut G T} is the transition function. Recall that a mea¬ 
sure /i G V(H) is said to be stationary if = p for any t > 0. The following 
result is Theorem 2.3 in [Mar 14]. 

Theorem 1.1. Let us assume that conditions (0.4) and (1.1)-(1.3) are verified 
and bj > 0 for all j > 1. Then the family (ut,P u ) has a unique stationary 
measure p, G V{TL). Moreover, there are positive constants C and x such that, 
for any o G V{TL), we have 

IVtV - L\l < Ce~^ [ exp (x|u&) tr(du), 

Jh 

where we set 

l/^-i — M 2 I * L = sup |(VbMl) ~ WbM2)| 
llbll c i<i 

for any ni,p 2 € V(fH). 

1.2 The statement of the result 

Before giving the formulation of the main result of this section, let us intro¬ 
duce some notation and recall some basic definitions from the theory of LDP 
(see [DZ00]). For any u G Ti, we define the following family of occupation 
measures 

Ct = 7 [ S Ut dr, t > 0 , ( 1 . 6 ) 

t Jo 

where u r := u(t;u) and S v is the Dirac measure concentrated at 0 G TL. For 
any V G Cb{Tt) and R > 0, we set 

Qr{V) = lim sup - log sup E u exp(t(V, Ct)), 

t —>--|-oo t u£Xji 

where Xr := Brs(R), s G (0,1 — p/2). Then Qr : Cb(H) —» K is a convex 
1-Lipschitz function, and its Legendre transform is given by 

/su PyeCi) ( W )((V» -Qr(V)) for a G V(TL), 

\+cc for o*Mm\nU). ( ’ 

The function Ir : A i(fH) —>• [0, + 00 ] is convex lower semicontinuous in the weak 
topology, and Qr can be reconstructed from Ir by the formula 

Qr{V ) = sup ((V,<t) - Ir(ct)) for any V G C b {H). (1.8) 

We denote by V the set of functions V G CbifH) satisfying the following two 
properties. 


7 


Property 1. For any R > 0 and u £ Xr, the following limit exists (called 
pressure function) 

Q(V) = lim i logE u expf [ V(u T )d r 
t-H-oo t \J o 

and does not depend on the initial condition u. Moreover, this limit is 
uniform with respect to u € Xr. 

Property 2. There is a unique measure ay £ V(R) (called equilibrium state) 
satisfying the equality 

Qr(V) = (V,a v ) - Ir(&v)- 

A mapping I : V(R) —> [0,+oo] is a good rate function if for any a > 0 the 
level set {a £ V(R) : 1(a) < a} is compact. A good rate function I is non¬ 
trivial if the effective domain Dj := {a £ V(R) : 1(a) < oo} is not a singleton. 
Finally, we shall denote by U the set of functions V £ Cg(R) for which there is 
a number q £ (0,1], an integer N > 1, and a function F £ C£(Rn) such that 

U(u) = F(P n u), u £ R, (1.9) 

where Rn ■= Hn x Hn, Hjy := span{ei,... ,ejv}, and Pn is the orthogonal 
projection in R onto Rn- Given a number 6 > 0, Ug is the subset of func¬ 
tions V £ U satisfying Osc(P) < 5. 

Theorem 1.2. Under the conditions of the Main Theorem, for any R > 0, 
the function Ir : M(R) —>• [0, +oo] defined by (1.7) is a non-trivial good rate 
function, and the family {Ct,t > 0} satisfies the following local LDP. 

Upper bound. For any closed set F C V(R), we have 

lim sup — log sup P u {Ct £ A} < -I R (F). (1.10) 

t—> OO t uZlXr 

Lower bound. For any open set G C V(R), we have 

liminf - log inf P u {Ct £ G} > - I R (W n G). (1.11) 

t—>oo t uCA'b 

Here 2 Ir(T) := inf CTe r7(o') for T C V(R) and W := {ay : V £ V}, 
where ay is the equilibrium state 3 corresponding to V. 

Furthermore, there is a number 5 > 0 such that Ug C V and for any V £ Ug, 
the pressure function Qr(V) does not depend on R. 

This theorem is proved in the next subsection, using a multiplicative ergodic 
theorem and a local version of Kifer’s criterion for LDP. Then in Section 2, we 
combine it with a local version of the Gartner-Ellis theorem to establish the 
Main Theorem. 

2 The infimum over an empty set is equal to +oo. 

3 By the fact that Ir is a good rate function, the set of equilibrium states is non-empty for 
any V £ Cg(T-L). In Property 2, the important assumption is the uniqueness. 
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1.3 Reduction to a multiplicative ergodic theorem 

In this subsection we reduce the proof of Theorem 1.2 to some properties related 
to the large-time behavior of the Feynman-Kac semigroup defined by 

V’(u) = E u |^(u t ) exp ^ J V (u T ) dr 

For any V G Cb(TL) and t > 0, the application tp^ maps Cb(Tl) into itself. Let 
us denote by tp) * : M+(T~L) -» M+(1~L) its dual semigroup, and recall that a 
measure /i G V(TL) is an eigenvector if there is A G R such that tyY*^ = A*/x 
for any t > 0. Let lu be the function defined by (1.5). From (5.24) with m = 1 
it follows that maps 4 C m (TL s ) into itself (note that tui = to in (5.24)). We 
shall say that a function h G C m (TL 5 ) is an eigenvector for the semigroup VfiY 
if u) = A‘/i(u) for any u G U s and t > 0. Then we have the following 
theorem. 

Theorem 1.3. Under the conditions of the Main Theorem, there is S > 0 such 
that the following assertions hold for any V £ Ids- 

Existence and uniqueness. The semigroup ^Y* admits a unique eigenvec¬ 
tor p,y G V m (TT) corresponding to an eigenvalue Ay > 0. Moreover, for 
any m > 1, we have 



/ (\u\%, + exp(>c£(u))] ^iy(du) < oo, (1-12) 

Jn 

where x := (2a) _1 © and © := The semigroup ApJ 4 admits a unique 

eigenvector hy G C m (fH s ) fl C+(fH s ) corresponding to Ay normalised by 
the condition (hy,py) = 1. 

Convergence. For any 'if G C m (H 5 ), v G V m (TL), and R > 0, we have 

Xy t ^pY' t l’ —■*■ (i , ,Uv)hy in Cb(Xn) n ^(TL, py) as t —» oo, (1-13) 
X^^Y* 11 “t {hv, v)p>v in M.+CH.) as t —► oo. (1-14) 

This result is proved in Section 6. Here we apply it to establish Theorem 1.2. 

Proof of Theorem 1.2. Step 1: Upper and lower bounds. We apply Theorem 7.1 
to prove estimates (1.10) and (1.11). Let us consider the following totally or¬ 
dered set (0, -<:), where 0 = R+ x Xr and -< is a relation defined by (ti, Ui) -< 
(i 2 j U 2 ) if and only if ti <t- 2 - For any 6 = ( t , u) G 0, we set rg := t and (g := f t , 
where ft is the random probability measure given by (1.6) defined on the prob¬ 
ability space (fig, Tg, Pg) := (XI, T, P u ). The conditions of Theorem 7.1 are 
satisfied for the family {Cej-fleO- Indeed, a family {xg G R, 0 G 0} converges 
if and only if it converges uniformly with respect to u G Xr as t —> + 00 . 

4 When we write C m (W) or C{Xr), the sets W and Xr are assumed to be endowed with 

the topology induced by l~i. 
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Hence (7.1) holds with Q = Q R , and for any he V, Properties 1 and 2 imply 
limit (7.3) and the uniqueness of the equilibrium state. It remains to check the 
following condition, which we postpone to Section 5. 

Exponential tightness. There is a function $ : H —> [0, +oo] whose level sets 
{u G H : <P( u) < a} are compact for any a > 0 and 

E u exp ^ J <P(u T ) dr^ < Ce ct , u € X R , t > 0 

for some positive constants C and c. 

Theorem 7.1 implies that I R is a good rate function and the following two 
inequalities hold for any closed set F C V(T~L) and open set G C V(H) 

limsup — logP@{Ce 6f}< - I R (F ), 
eee re 

liminf — logPe{Ce G G} > —I R (W PI G). 
eeo re 

These inequalities imply (1.10) and (1.11), since we have the equalities 

limsup — logPfl{Ce G F} = limsup - log sup P u {Ct Gf), 
eeo r e t-> oo t uex R 

liminf — logP^ICe G G} = liminf - log inf P u {Ct G G}. 
eee re t->oo t u&x R 

Step 2: Proof of the inclusion Us C V. Let S > 0 be the constant in 
Theorem 1.3. Taking if = 1 in (1.13), we get Property 1 with Q R {V) := log Ay 
for any V G Us (in particular, Q(V) := Qr(V) does not depend on R). 

Property 2 is deduced from limit (1.13) in the same way as in [JNPS14], 
Indeed, for any V GUs, we introduce the semigroup 

6r^(u) = A-^r +F (^)(u), 1>,FeC b (H),t> 0, (1.15) 

the function 

Qr(F) := limsup i log sup log(6f’ F l)(u), (1.16) 

t —>+oo r u£Xh 

and the Legendre transform l\ : M{H) —> [0, +oo] of The arguments of 

Section 5.7 of [JNPS14] show that a G T(TL) is an equilibrium state for V if and 
only if I r (<j) = 0. So the uniqueness follows from the following result which is 
a continuous-time version of Proposition 7.5 in [JNPS14]. Its proof is given in 
the Appendix. 

Proposition 1.4. For any V G Us and R > 0, the measure av = hy[iv is the 
unique zero of I R . 
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Step 3: Non-triviality of Ir. We argue by contradiction. Let us assume 
that Dj r is a singleton. By Proposition 1.4 with V = 0, we have that the sta¬ 
tionary measure p is the unique zero 5 of Ir, so Di r = {/i}. Then (1.8) implies 
that Q(V) = (V,, n) for any V £ Cb(T~L). Let us choose any non-constant V € Us 
such that (V,p) = 0. Then Q(V) = 0, and limit (1.13) with ip = 1 implies 
that Ay = = 1 and 


sup E 0 exp/" f V(u T )dr\ < oo, (1.17) 

t >o \J o / 

where Eo means that we consider the trajectory issued from the origin. Com¬ 
bining this with the central limit theorem (see Theorem 2.5 in [Marl4] and The¬ 
orem 4.1.8 and Proposition 4.1.4 in [KS12]), we get V = 0. This contradicts the 
assumption that V is non-constant and completes the proof of Theorem 1.2. □ 

2 Proof of the Main Theorem 

Step 1: Proof in the case ip € U. For any R > 0 and non-constant ip £ U, we 
denote 

Ir(p) = inf{/ii(cr) : (ip, a) = p, a £ V(U)}, pel, 

where Ir is given by (1.7). Then Qr(/3iP) is convex in f) £ R, and using (1.8), 
it is straightforward to check that 

Qr(P^) = sup (pp - Ir(p)) for /3 £ R. 

peR ' ' 

By well-known properties of convex functions of a real variable (e.g., see [RV73]), 
Qr(/3iP) is differentiable in (3 G R, except possibly on a countable set, the right 
and left derivatives D + Qr((3iP) and D~Qr(/3iP) exist at any f3 and D~Qr(/3iP) < 
D + Qr(!3iP). Moreover, the following equality holds for some /3,p G R 

Q R (pip)=p P -lt(p) (2-1) 

if and only if p G [D~Q R (f)ip), D + Q R (l3ip)\. Let us set /3 0 := <5/(411-j^lloo), 
where 5 > 0 is the constant in Theorem 1.2. Then for any |/3| < po, we 
have pip £ Us C V and Qr(PiP) does not depend on R > 0; we set Q(pip) := 
Qr(PiP). Let us show that D~Q(Pip) = D + Q(Pip) for any |/3| < p 0 , i.e., Q(pip) 
is differentiable at p. Indeed, assume that p\ , P 2 G [D~Q(Pip), D + Q(pip)\. Then 
equality (2.1) holds with p = pi,i = 1,2. As Ir is a good rate function, there 
are measures <7j G V(R) such that (ip, erf) = Pi and lR(crf) = I^(pf),i = 1,2. 
Thus 

Q(pip) = Ppi - Ir(pi) = (pip, erf) - Ir(ctz), 

i.e., cr i and er -2 are equilibrium states corresponding to V = Pip. As Pip G V, from 
Property 2 we derive that cr\ = 02 , hence p\ = P 2 - Thus Q(pip) is differentiable 

*Note that when V = 0, we have Ay = 1, hy = 1, = Ir, and p.y = p.. 
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at 0 for any \0\ < 0 O . Let us define the convex function 


Q* cs) 


QW), for \0\ < /3o, 

+oo, for \0\ > /3q 


and its Legendre transform 

I^(p) := sup {0p — Q^{0)) for pel. 

^eK 


( 2 . 2 ) 


(2.3) 


Then is a finite convex function not depending on R > 0. As Q^{0) is 
differentiable at any \0\ < 0o and (7.3) holds with Q = Q^{0) (with respect to 
the directed set (0, -<) defined in the proof of Theorem 1.2), we see that the 
conditions of Theorem A.5 in [JOPP12] are satisfied 6 . Hence, we have (0.5) for 
any open subset O of the interval J^ := {D + Q^{—0 O ), D~ {0o)). 

Step 2: Proof in the case ip £ CbifhL)- Let us first define the rate function 
1^ : R — > R + in the case of a general function ip £ CbiR). To this end, we 
take a sequence ip n £ U such that HV’nlloo < IIV’lloo aud ip n ip in C{K) for 
any compact K C H. The argument of the proof of property (a) in Section 5.6 
in [JNPS14] implies that Property 1 holds with V = flip for any \0\ < 0o, 
where 0o is defined as in Step 1, and for any compact set /C C we have 


sup | {ip n — ip, a) | —)• 0 as n —> oo. (2.4) 

a£K 


Moreover, from the proof of Proposition 3.17 in [FK06] it follows that 

QiiiPipn) -t Qr{PiP) for \0\ < 0 O . (2.5) 


This implies that Qr{0iP) does not depend on R when \0\ < 0 O , so we can 
define the functions Q^ and I^ by (2.2) and (2.3), respectively. 

Let J' /; be the interval defined in Step 1. To establish limit (0.5), it suffices 
to show that for any open subset O C the following two inequalities hold 

limsup-log sup P u {Cf € O} < —1^(0), (2.6) 

t-t oo t ue.Y B 

liminf -log inf P U {C/’ £ O} > —1^(0), (2.7) 

£->-oo t 


where Q := (ip,(). To prove (2.6), we first apply (1.10) for a closed subset 
F C V{7i) defined by F = {a £ V{%) : (ip,<r) £ O}, where O is the closure 
of O in R: 


limsup - log sup P u {Cf £ O} < limsup - log sup P u {Cf G 0} 

t —>oo t uC-XA t —voo t ueAn 

= limsup - log sup Pu{Ct € F} 

t —>oo t u£An 

< —Ir(F). 


( 2 . 8 ) 


6 Theorem A.5 in [JOPP12] is stated in the case © = R_|_. However, the proof presented 
there remains valid for random variables indexed by a directed set. 
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As Qr((3iP) < Q^(/3) for any (3 £ R, we have 

1^(0) < l£(p). (2.9) 

It is straightforward to check that 

4(0)=Ir(F). (2.10) 

From the continuity of I^ it follows that 1^(0) = I^’(0). Combining this 
with (2.8)-(2.10), we get (2.6). 

To establish (2.7), we first recall that the exponential tightness property and 
Lemma 3.2 in [JNPS14] imply that for any a > 0 there is a compact lC a C V{H) 
such that 

limsup-log sup P u {Ct G fc c a } < —a . (2-11) 

t—>oo t ueXn 

Let us take any p £ O and choose £ > 0 so small that that (p — 2 £,p + 2e) C O. 
Then for any a > 0, we have 

Pu{C t G O} > P u{(t e( p -2e,p + 2 e), ( t e JC a }. (2.12) 

By (2.4), we can choose n > 1 so large that 

sup \(ip n -ip,cr}\ <£. 

Using (2.12), we get 

Pu{<? G O} > P u {C/ n G (p — e,p + e), Ct G K a ) 

> Pu{Cf n G (p - £,p + £)} - Pu{Ct G JC c a }. (2.13) 

We need the following elementary property of convex functions; see the Ap¬ 
pendix for the proof. 

Lemma 2.1. Let J C M be an open interval and f n : J —>• R. be a sequence of 
convex functions converging pointwise to a finite function f. Then we have 

limsup D + f n (x) < D + f{x), 

n—too 

liminf D~f n (x) > D~f(x), x G J. 

n—»oo 

This lemma implies that, for sufficiently large n > 1, we have 

(p-e,p + e) C J = (D+Q^(-(3Z),D-Q^(L SJ)), 

where {3q := 6’/(4||'0 Tl || oo ). Hence the result of Step 1 implies that 

lim \ logP u {Ct’ n G (p — £,p + e)} = -/^"((p - £,p + £)) 

t—too t 


13 


uniformly with respect to u £ A' r. As 

lim sup 0^*08) < Q^CS), jSgR, 

n—> oo 

we have 

lim inf I^ n (q) > 1^ (q), q £ E. 

n—too 

This implies that 

lim inf I^ n ((p — e,p + e)) > C((p — e,p + e)). 

n—>oo 

Thus we can choose n > 1 so large that 

liminf-log inf ¥ u {(f n £ (p — e,p + e)} > — C((p — £,p + s)) — e. 

t-t oo t u£X r 

Combining this with (2.13) and (2.11) and choosing a > I^((p — e, p+ £))+£, 
we obtain 

liminf-log inf P u {Ct^ G O} > — I^((p — £,p + e)) — e. 

t—> oo t ue.Y_R 

Since p £ O is arbitrary and e > 0 can be chosen arbitrarily small, we get (2.7). 

Step 5: 77ie interval . Let us show that if ip £ C%(7i), q £ (0,1] is non¬ 
constant, then the interval = (D + Q^(—/3 0 ),D~Q^(f3 0 )) is non-empty and 
contains the point (ip, p). Clearly we can assume that (ip, p) = 0. As Q^( 0) = 0, 
it is sufficient to show that /3 = 0 is the only point of the interval [—/3o,/?o]i 
where Q^(/3) vanishes. Assume the opposite. Then, replacing ip by —ip if 
needed, we can suppose that there is /3 £ (0,/3o] such that Q^(/3) = 0. As in 
Step 3 of Theorem 1.2, this implies 

sup E 0 exp 1/3 / ip(u T ) dr ) < oo 
t>o \ Jo / 

and ip = 0. This contradicts our assumption that ip is non-constant and com¬ 
pletes the proof of the Main Theorem. 

3 Checking conditions of Theorem 7.4 

The proof of Theorem 1.3 is based on an application of Theorem 7.4. In this 
section, we verify the growth condition, the uniform irreducibility property, and 
the existence of an eigenvector for the following generalised Markov family of 
transition kernels (see Definition 7.3) 

P? (u, T) = (<pf*<5 u )(r), V £ C b (H), r £ B(H), u£H,t> 0 

in the phase space X = 'H endowed with a sequence of compacts Xr = Brs (R), 
R > 1 and a weight function to defined by (1.5). The uniform Feller property 
is the most delicate condition to check in Theorem 7.4, it will be established in 
Section 4. In the rest of the paper, we shall always assume that the hypotheses 
of Theorem 1.2 are fulfilled. 


14 


3.1 Growth condition 


Since we take Xr = Brs (P), the set X ^ in the growth condition in Theorem 7.4 
will be equal to TL S which is dense in TL. For any u G H s and t > 0, we 
have u(i;u) G H 5 , so the measure P t y (u, •) is concentrated on H s . As V is a 
bounded function, condition (7.12) is verified. Let us show that estimate (7.11) 
holds for any V with a sufficiently small oscillation. 

Proposition 3.1. There is a constant S > 0 and an integer Rq > 1 such that, 
for any V G Cb(TL) satisfying Osc(F) < <5, we have 


sup 
t> o 


iiyrHUg- 

ii^riiUo 


< oo, 


(3.1) 


where 1 is the function on TL identically equal to 1 and || • ||# 0 is the L°° norm 
on Xr 0 . 

Proof. Without loss of generality, we can assume that V > 0 and Osc(F) = 
Halloo. Indeed, it suffices to replace V by V — inf// V. We split the proof 
of (3.1) into two steps. 

Step 1. Let us show that there are > 0 and Rq > 1 such that 


iwriiksf 


< 00 , 


(3.2) 


provided that ||F||oo < <5o- T° prove this, we introduce the stopping time 


r(i?) = inf{t > 0 : |u t |^< < R} 


and use the following result. 

Lemma 3.2. There are positive numbers <5o, C, and Rq such that 

E u e 50T(fl °) < C'tu(u), u G W. (3.3) 


We omit the proof of this lemma, since it is carried out by standard ar¬ 
guments, using the Lyapunov function to and estimate (5.24) for m = 1 (see 
Lemma 3.6.1 in [KS12]). Setting G t := {t(Rq) > t} and 

Sy(f) := exp (/ F(u s )ds^ , (3.4) 

we get 

»P^l(u) =E u S v (t) =E u {l Gt S v (t)} +E u {l c .S v (t)} =: Ji +J 2 . (3.5) 

Since V > 0, we have l(u) > 1. Combining this with (3.3) and ||F||oo < #oi 
we obtain for any uGW s 

h < E u Sy(T(i?o)) <E u exp (5 0 t(Ro)) < C'ttj(u) < C'tu(u) ||*pj 1 ||jj 0 . 
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The strong Markov property and (3.3) imply 


h < Eu{lG t Sv(r(J?o))Eu( T (jjo))Sv(t)} 

< ^u{e 5 ° T{Ro) } ii^riik < ci»(u) priik, 

where we write u(r(i? 0 )) instead of u t (,r 0 ). Using (3.5) and the estimates for I\ 
and I 2 , we get (3.2). 

Step 2. To prove (3.1), we set 6 := So A (a/2) and assume that HUHoo < S 
and t = Tk, where k > 1 is an integer and T > 0 is so large that q := 2e~ T ^ < 1. 
Then, using the Markov property and (5.24), we get 

fP^ fc tn(u) < e TS E u {E v (T(k - l))tu(u T fc)} 

= e T5 E u {Sy(T(fc — l))E u ( T ( fe _ 1 ))rD(u T )} 

< e T5 E u {E v (T{k - l))[2e- T “tn(u T(fe _ 1) ) + Ci]} 

Iterating this and using fact that V > 0, we obtain 

^TfcW(u) < q k tt)(u) + (1 - g) _1 e T,5 C'i?Py fc l(u). 


Combining this with ( 3 . 2 ), we see that 


A := sup 
fc >0 


ll < PTfc r ° 


11^,1 


< OO. 


Tfc-’-ll-Ro 


To derive ( 3 . 1 ) from this, we use the semigroup property and the fact that V is 
non-negative and bounded: 


\\VYM\L% = nX-Tk^Tk^)\\L^ <C 2 mML%, 

priiUo > m k i\u, 

where k > 0 is such that Tk < t < T(k + 1 ) and 

C 2 := sup ||V>IUff<e T||v|1 - sup ||fp s tu|| Lg . < 00. 

s£[0,T] s€[0,T] 


So we get 


nvr»ii ig . 

SU P nq-vVT 11 - 

t >0 ||t* l||iio 


< C2A < +00. 


This completes the proof of the proposition. 


□ 
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3.2 Uniform irreducibility 

In this section, we show that the family { P } satisfies the uniform irreducibility 
condition with respect to the sequence of compacts {Xr}- Since V is bounded, 
we have 

P t y (u, do) > e-*ll v 'll«P t (u,do), u G H, 

where P t (u, ■) stands for the transition function of (u t ,P u ). So it suffices to 
establish the uniform irreducibility for {P t }- 

Proposition 3.3. For any integers p, R > 1 and any r > 0, there are positive 
numbers l = l(p, r , R) and p = p(p, r) such that 

P;(u, P«(u, r)) > p for all u G X R , u G X p . (3.6) 

Proof. Let us show that, for sufficiently large d > 1 and any R > 1, there is a 
time k = k(R) such that 

P fc (u,X d )>i u G X R . (3.7) 

Indeed, by (5.24) for m = 1, we have 

EuK|^ s < E u m(u t ) < 2e _Qt iu(u) + Ci. 

Combining this with the estimate 

|£(u)|<C 2 (1 + |i4), (3.8) 

we get 

Eulutllf, < C 3 e~ at R 16 + Ci, u G X R . 

The Chebyshev inequality implies that 

P t (u, Xd) > 1 -d~ 2 {C 3 e- at R ie 

Choosing t = k and d so large that e~ ak R 16 < 1 and d 2 > 2(C 3 + Ci), we 
obtain (3.7). 

Combining (3.7) with Lemma 3.4 and the Kolmogorov-Chapman relation, 
we get (3.6) for l = k + m and p = q/2. □ 

Lemma 3.4. For any integers d, p > 1 and any r > 0, there are positive 
numbers m = m(d , p , r) and q = q(d , p, r) such that 

P m { > o,B H (u,r))>q for all o G X d , u G X p . (3.9) 

Proof. It is sufficient to prove that there is m > 1 such that 

P m (D,P w (u,r/ 2)) > 0 for all 0 G X d , u G X p , (3.10) 
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where X p = {u = [ 111 , 112 ] £ X p : U\,U 2 £ Cq°(D)}. Indeed, let us take 
this inequality for granted and assume that (3.9) is not true. Then there are 
sequences Vj £ Xd and u 7 £ X p such that 

Pm{pi,B H {Uj,r)) ^ 0. (3.11) 

Moreover, up to extracting a subsequence, we can suppose that 0 7 and Uj 
converge in W. Let us denote by D* and u* their limits. Clearly, D* £ Xd 
and u* £ X p . Choosing j > 1 so large that u 7 — u*|^ < r/2 and applying the 
Chebyshev inequality, we get 

Pm(v*> Bn(u*,r)) < P m (t>j,B' H (uj,r/2)) +P{|u(m; Oj) -u(m;t>*)| w > r/2} 

< P m (Vj, B' H (u j ,r/2)) + 4/r 2 E\u(m;Uj) -u(m;0*)|^. 

Combining this with (3.11) and using the convergence Vj —> n* and a density 
property, we arrive at a contradiction with (3.10). Thus, inequality (3.9) is 
reduced to the derivation of (3.10). We shall prove the latter in three steps. 

Step 1: Exact controllability. In what follows, given any <p £ C(0,T; H 1 ), 
we shall denote by S v (t; 0 ) the solution at time t of the problem 

d 2 u + 'ydtu — Au + f(u) = h + <p, u\od = 0, ££[0,T] 

issued from D. Let 6 = [0,0], where v £ H 1 is a solution of 

—A0 + f{v) = h{ x). 

In this step we prove that for any u = [u\,U 2 \ £ X p , there is satisfying 

<p* £ (^(O,!;!? 1 ) and S Vm (1; 6) = u. (3.12) 

First note that, since the function / is continuous from H 1 to L 2 , we have 

—A0 = —/(0) + h £ L 2 , 

so that 0 £ H 2 . Moreover, since / is also continuous from H 2 to H 1 (recall that 
/ vanishes at the origin), we have f(y) £ H 1 . As h £ H l , it follows that 

— A0 £ H 1 . (3.13) 

Let us introduce the functions 

u(t) = a(t)v + b(t)ui + c(t)u 2 , (3-14) 

V?*(£) = f (d 2 u + 'ydtu - Au + f{u) — h) dr, 

Jo 

where a,b,c€ C'°°([0,1],R) satisfy 

a(0) = 1, a(l) = d(0) = d(l) = 0, 6(1) = 1, 6(0) = 6(0) = 6(1) = 0, 

c(l) = 1, c(0) = c(l) = c(0) = 0. 
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Then, we have [u(0),w(0)] = t>, [u(l),w(l)] = u, and 5^,(1; 6 ) = u. Let us 
show the first relation in (3.12). In view of (3.14) and the smoothness of the 
functions a, b and c, we have 

dtU + 7 d t u — h £ (7(0,1; H 1 ) 

and thus it is sufficient to prove that 

- Au + /(u) <E <7(0,1; H 1 ). (3.15) 

Since u £ (7(0,1; H 2 ), we have f(u ) £ (7(0,1; H 1 ). Moreover, in view of (3.13) 
and the smoothness of u\ and v, 2 , we have —Art £ (7(0,1; H 1 ). Thus, inclusion 
(3.15) is established and we arrive at (3.12). Let us note that by continuity and 
compactness, there is x = x(fo, p , r) > 0 , not depending on u £ X p . such that 

-Jy,(l; D) € B n (u,r/4) for any n £ B n (i >, x). (3.16) 

Step 2: Feedback stabilisation. We now show that there is to > 1 depending 
only on d and x such that for any D £ Xd there is <p 0 satisfying 

£ (7(0, to; H 1 ) and (m, o) £ f?( 6 , x). (3-17) 

To see this, let us consider the flow 6 (f; d) associated with the solution of the 
equation 

d?v + jd t v - Av + f(v) = h + Pat[/(u) - /(?))], t£[0,rh] (3.18) 

issued from D £ Xd, where Pat stands for the orthogonal projection in L 2 onto 
the subspace spanned by the functions e\, & 2 , ■ ■ ■, e^r. Then, in view of Propo¬ 
sition 6.5 in [Marl5], for N > N(\ii\-fi,d), we have 

|6(to; o) — 6|^ < |o — 6|^ e~ am < Cd e~ am < x 

for to sufficiently large. It follows that (3.17) holds with the function 

<Px>(t) = I P N[f(v) - f(v )] dr. 

Jo 

Step 3: Proof of (3.10). Let us take to = to + 1 and, for any 0 £ Xd, define 
a function <p t ,(t) on the interval [ 0 ,m] by 

^ (j.) = !&>(*) for t £ [ 0 , to — 1 ], 

1 (p v (m — 1 ) + <p*(t — to + 1 ) for t £ [to — l,m]. 

In view of (3.12), (3.16), and (3.17), we have <po(t) £ (7(0, to; H 1 ) and S Vv (to; t>) £ 
B h (u, r/2). Hence there is <5 > 0 such that S v (m;X>) £ B-n(u,r/2) provided 
\W — ( Po||c( 0 ,m;// 1 ) < 8. It follows that 

Pm(V,B H (\l,r/ 2)) > P{||C - <A>||c(0,m;-f/i) < 5}. 

To complete the proof, it remains to note that, due to the non-degeneracy of £, 
the term on the right-hand side of this inequality is positive. □ 
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3.3 Existence of an eigenvector 

For any to > 1, let us define functions ro m ,fb m : H —> [l,+oo] by 

tu m (u) = l + |u|^+£ 4m (u), (3.19) 

ra TO (u) = tt> m (u) + exp(x£(u)), u £H, (3.20) 


where x is the constant in Theorem 1.3. The following proposition proves the 
existence of an eigenvector p = p(t, V, , m ) for the operator ip)' * for any t > 0. 
We shall see in Section 6 that the measure p actually does not depend on t 
and m. 


Proposition 3.5. For any t > 0, V £ Chili.) and m > 1, the operator *p) A * 
admits an eigenvector p = p(t,V,m) £ V{H) with a positive eigenvalue A = 
A (t, V, to): 

Wt* = Am- 


Moreover, we have 


/ rb m (u)/x(du) < oo, 

JH 


(3.21) 




,|| x R tt) m (u)/x(du) -)• 0 as R -> oo. 




(3.22) 


Proof. Step 1. We first establish the existence of an eigenvector /.t for ip) * with 
a positive eigenvalue and satisfying (3.21). Let t > 0 and V be fixed. For 
any A > 0 and to > 1, let us introduce the convex set 


DA,m = {a- £ V{U) : (tb m ,cr) < A}, 


and consider the continuous mapping from Da,™, to V{H) given by 


G(a)=yY*a/yY*cr('H)- 


Thanks to inequality (5.25), we have 


(t v m ,G(a)) < exp (t Osc^(E)) (tb m ,ip)(T) 

< 2exp (t(Osc«(E) — am)) (lt) m ,cr) + C m exp (tOsc^(E)). 

(3.23) 


Assume that in is so large that 

Osc-h(E) < am/2 and exp(— amt/2) < 1/4, 

and let A := 2C m e amt . Then, in view (3.23), we have (tx> m ,G(cr)) < A for 
any a £ Da , m , i.e., G{DA,m) C Da, m- Moreover, it is easy to see that the 
set Da, m is compact in V{H) (we use the Prokhorov compactness criterion to 
show that it is relatively compact and the Fatou lemma to prove that it is closed). 
Due to the Leray-Schauder theorem, the map G has a fixed point p £ Da,™.- 
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Note that, by the definitions of and G, the measure p is an eigenvector 

of with positive eigenvalue A := and satisfies (3.21). 

Step 2. We now establish (3.22). Let us fix an integer m > 1 and let n = 17 m. 
In view of the previous step, there is an eigenvector p satisfying (m n ,p) < oo. 
From the Cauchy-Schwarz and Chebyshev inequalities it follows that 


[ W m (u)p{du) < {n>l l ,p) 1/2 (p(X^ l )) 1/2 < C m (tt> n , p t , V )R "• (3.24) 

Jx k 

On the other hand, using (5.24) and (3.8), we get 

ll^t Wm||.Y K < exp(t||y|| 00 ) sup E u ro ra (u t ) < C' m exp(t||I/|| 00 )(i? 16m + 1). 




Combining this with (3.24), we obtain (3.22). 


□ 


4 Uniform Feller property 

4.1 Construction of coupling processes 

As in the case of discrete-time models considered in [JNPS, JNPS14], the proof 
of the uniform Feller property is based on the coupling method. This method has 
proved to be an important tool for the study of the ergodicity of randomly forced 
PDE’s (see Chapter 3 in [KS12] and the papers [KS02, Mat02, Oda08, Marl4]). 
In this section, we recall a construction of coupled trajectories from [Marl4], 
which was used to establish the exponential mixing for problem (0.1), (0.3). 
This construction will play a central role in the proof of the uniform Feller 
property in the next section. 

For any 3 , 3 ' G 77, let us denote by u t and u( the flows of (0.1), (0.3) issued 
from 3 and 3 ', respectively. For any integer N > 1, let D = [v,dtv\ be the flow 
of the problem 


dfv + jdtv-Av + f{v) + PN(f{u)-f{v)) = h + i}(t,x), v\ dD = 0, t>(0) = 3 '. 

(4.1) 

The laws of the processes {t) t , t G [0,1]} and {uj, t G [0,1]} are denoted by A( 3 , 3 ') 
and A ( 3 '), respectively. We have the following estimate for the total variation 
distance between A( 3 , 3 ') and A^'). 


Proposition 4.1. There is an integer N± > 1 such that, for any N > N\, 
e > 0, and 3 , 3 ' G 77, we have 


|A( 3 , 3 ') - A( 3 7 )\ var < C*e a + C* exp [c N e a 2 |3 - h' |^e (|£(i)l+|£(3} 


)iA-i 


1/2 


(4.2) 


where a <2, C*, and Cn are positive numbers not depending on £, 3 , and 3 '. 


This proposition is essentially established in Section 4.2 in [Marl4] in a dif¬ 
ferent form, and we shall omit the proof. By Proposition 1.2.28 in [KS12], there 
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is a probability space (12, 3F, P) and measurable functions V,V':HxWx!l 4 
C([0,1],H) such that (V( 3 , 3 '), V'( 3 , 3 ')) is a maximal coupling for (A( 3 , 3 '), Afo')) 
for any 3 , 3 ' G TL. We denote by 6 = [v t ,d t v\ and ii' t = [u' t ,d t u'] the restrictions 
of V and V' to time t G [0,1]. Then v t is a solution of the problem 

d?v + "/d t v- Av + f(v) - Pn/(v) = h + ip(t), v\ aD = 0, 6(0) = 3 ', 

where the process {f* if(r) dr, t G [0,1]} has the same law as 

€{t) ~ f Pjv/(u T )dr,t G [0,1] 

Jo 

Let u t = [u, d t u] be a solution of 

dtii + 'ydt.u - Au + f(u) - Pn/(u) — h + ip(t), u\qd = 0 , u( 0 ) = 3 . 

Then {ii t , t G [0,1]} has the same law as (u t , t G [0,1]} (see Section 6.1 in [Marl4] 
for the proof). Now the coupling operators 7 Z and TV are defined by 

ftt (= 7 e , t ( 3 , 3 , ,w) = u(, 3 , 3 'G H,wGl 2 . 


By Proposition 4.1, if N > Ni, then for any e > 0, we have 
P{32 G [0,1] s.t. 6 t / u[} 


< C*£ a + C * 


exp (c N £ a ~ 2 \i - 3 '|^ e (|£:( 3 ) l +|£:(3 ' )l) ) 


- 1 


11/2 


(4.3) 


Let (12 fe , JF k , P fe ), k > 0 be a sequence of independent copies of the probabil¬ 
ity space (12, .F, P)- We denote by (12, JqP) the direct product of the spaces 
(fl k ,T k ,¥ k ), and for any 3 , 3 ' G TL, oj = (a; 1 ,w 2 ,...) G 12, and k > 0, we 
set u 0 = u, u'q = u', and 

u t (w) = r Jl T (u k (uj),u , k (uj),uj k ), u' f (w) = K' T (u k (uj),u' k (uj),uj k ), 

6 t (w) = Vr{u k {u}),u' k {u}),U} k ), 


where t = r + k, r G [0,1). We shall say that (u t ,u() is a coupled trajectory at 
level N issued from ( 3 , 3 '). 


4.2 The result and its proof 

The following theorem establishes the uniform Feller property for the semi¬ 
group Y f° r any function V G Us with sufficiently small S > 0. The property 
is proved with respect to the space C = U which is a determining family for V(TL) 
and contains the constant functions. 

Theorem 4.2. There are positive numbers S and Rq such that , for any func¬ 
tion V G Us, the family {||'P) 11| tyfip,t > 1} is uniformly equicontinuous 
on Xu for any ip GU and R > Rq . 
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Proof. To prove this result, we develop the arguments of the proof of Theo¬ 
rem 6.2 in [JNPS14]. For any <5 > 0, V £ Us, and if £U, we have 


yYif(u) = E U {(^ v if)(u t ,t)} 7 


where 


(5 v if)(u t ,t) ■= exp 





(4.4) 


We prove the uniform equicontinuity of the family {gt,t > 1} on Xr, where 


9t(u) = 


Without loss of generality, we can assume that 0 < if < 1 and inf/-/ V = 0, 
so that Osc h{V) = ||P||oo- We can assume also that the integer N entering 
representation (1.9) is the same for if and V and it is denoted by Nq. 

Step 1: Stratification. Let us take any N > Nq and 3 , 3 ' £ Xr such that 
d := I 3 — i'\u < 1 , and denote by ( 0 , P, P) the probability space constructed in 
the previous subsection. Let us consider a coupled trajectory (u t ,u() := (u t ,u() 
at level N issued from ( 3 , 3 ') and the associated process D t := 6 /. For any 
integers r > 0 and p > 1 , we set' 


r 



where L is the constant in (4.11). We also define the pairwise disjoint events 



Then, for any t > 1, we have 


= e{i a 0 [(s^)k, t) - (s vi>)Kt)\} 


00 


+ E { I ^r,p[( S vV’)(U t ,t) - (SvV’)K,*)]} 


+ [(2vV»)(ut, t) - (sWOK, *)]} 


00 



(4.5) 


r,p= 1 


7 The event G r is well defined also for r = +oo. 
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where 


^o(3,3') :=E{Ia 0 [(Sy'0)(u t ,f) - (HvV’)K,*)]}, 

/ r, P (3,3') :=E { I A r , p [(5vV , )(ut,0 - (S^V>)K,i)]}, 

^(3.30 : = E { I A[( s W’)(u t ,i) - (Sy^K^)]}- 

To prove the uniform equicontinuity of {g t , t > 1}, we first estimate these three 
quantities. 

Step Z: Estimates for Iq and I* p . Let di > 0 and Rq > 1 be the numbers 
in Proposition 3.1. Then, if Osc(U) < <$1 and R > Rq, we have the following 
estimates 

|/o(3,3')l < C^VmYlWnnM 1 ^ (4-6) 

IC(3.3')I < Cb(R,V)eWH\VYl\\**{Ar,p} 1/a ( 4 -7) 

for any integers r ,p > 1. Let us prove (4.7), the other estimate is similar. First 
assume that r < t. Using the inequalities 0 < if < 1, the positivity of ’E.yip, and 
the Markov property, we derive 

IrJ 3,3') < E{l Ar jEv^)(n t ,t)} < E{/ AriP (Syl)(u t ,f)} 

= E{J Ar , p E[(5yl)(u t , t) | T r \ } < e r " v "°°E{l Ar J¥Y_ r l)(u r )}, 

where {Et} stands for the hltration generated by (u t , u(). Then from (3.1) it 
follows that 

so we have 


Ir, p ( 3,3') < C 3 e r 
<C 3 e r 


\\¥Y_ r l\\ R oE{l Ar ,M"r)} 

||^l|k 0 {P(^,p)Elu 2 (u r )} 1/2 . 


Using this, (5.24), and the symmetry, we obtain (4.7). If r > t, then 


C(3,3')<e r 


=P{7l r , P } < e r ll y ll“||*p t y l||flP{^, P } 1/2 , 


which implies (4.7) by symmetry. 

Step 3: Estimates for P{7lo} and P {A r ^ p }. Let us show that, for sufficiently 
large TV > 1, we have 


P{A 0 } < C 4 (R,N)d a/2 , 


(4.8) 


< C 5 (R) {(d a e~ aar/2 + 


exp (c 6 (R,N)d a e 2p - aar/2 ) - 1 


1 / 2 ' 


Ae 


-Pp\ 


(4.9) 
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where a,C *, and /3 are the constants in (4.2) and (4.11). Indeed, taking e = d 
in (4.3), using (3.8), and recalling that d < 1, we get 


P{A 0 } < C*d a + C* 


exp 


(' C N d a 


,c 7 r 4 


- 1 


1/2 


< C 4 (R,N)d a/2 , 


provided that N is larger that the number Ni in Proposition 4.1. This gives (4.8). 
To show (4.9), we use the estimates 


E u exp(/3|£(u t )|) < C exp(/3|£(u)|), ueM, 
sup (/ || Vu r || 2 dr — Lfj > \£ (u)| + p| < Ce~ l3p , p > 0, 


(4.10) 

(4.11) 


where L,(3, and C are some positive constants depending on 7 , ||/i||, and 23; 
they follow immediately from Propositions 3.1 and 3.2 in [Marl4|. From the 
inclusion A r , p C Ff p _ x and inequalities (4.10), (4.11), and (3.8) it follows that 

n^r.p} < C 8 (R)e-P p . (4.12) 

By the Foia§-Prodi type estimate (see (7.29) in Proposition 7.5), there is IV 2 > 1 
such that for any N > N% on the event G r -1 H F r . p we have 

|Ur < exp (~ar + p + |£(a)| + \£{i')\)d 2 < Cg(R)e~ ar+p d 2 , (4.13) 

where we used (3.8). Recall that on the same event we have also 

|£(Ur)| + |£«)| < p- (4.14) 

So using the Markov property, (4.3) with e = de _ “ r / 2 , (4.14) and (4.13), we 
obtain 


P{dL r , p } < P{G r -i) n G c r n F r , p ) = E{l er _ inFr p E(J g = I T r )} 
< C,d“e - a “ r/2 + C.EjlG^.nJV-.p 


exp (c iV d a - 2 e- (a - 2 ) “ r ' / 2 |u r - u' r \ 2 H eU £ ^)\+\£K)\)^ _ 1 ] 1/2 J 


< C*d a e- aar/2 + a [exp (c 6 {R, N)d a e 2p - aar/2 ^j 


- 1 


1/2 


Combining this with (4.12) and choosing N > Ni V N%, we get the required 
inequality (4.9). 

Step 4 : Estimate for F. Let us show that, for any N > Nq, we have 

\P p {l,i')\<C w ^,VmXl\\ R dF (4.15) 

Indeed, we write 

^(3,30 = ^{^A( E v^)(u t ,t)[il)(ut) - V>K)]} 

+ E{ I i [(Syl)(u t ,t) - (Syl)K,t)]^K)}. (4.16) 
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Let us denote by J\ and J\ p the expectations in the right-hand side of this 
equality. Then by estimate (7.27), on the event A we have 

|-Pjv(u T ~K)\h < e~ aT d 2 , rs[ 0 ,| (4.17) 

Since V’ € C/("H), we derive from (4.17) 

\JlJ<E{l A (E v l)(u u t)Wiu t )-^(u' t )\} < Mc S e- a « 2 <P\WYnR 

< iiv»iic ? ii^riii^. 

Similarly, as V £ 

\4J < E{l i |(S y l)(u t ,i) - (S v l)K,t)|} 

< E|n^(Hvl)(u t ,t) exp (^J |^(u T )-y«)|dr^ -1 | 


< 

< 


exp(||y|| c ^(l-e-^/ 2 )) -l] WVYlU 
exp (i|y|| c ^ 9 ) - 


ll^'l 


4 J -ll R- 
t 


Combining these estimates for J\ and J\ with (4.16), we get (4.15). 

Step 5. From (4.5)-(4.9) and (4.15) it follows that, for any 3 , 3 ' £ Xu, t > 1, 
and R > i?o, we have 

|. 9 t( 3 ) - 94(301 < C n (R, V, N, </,) ( d a ' A + d* 


E 1 

r ip— 1 


,r\\V\\ a 


(d a/2 e~ aar//L + exp (c 6 d a e 2p - aar/2 ^ - 1 A e _ ^ p/2 |’ 


provided that N > N 0 V Ni V 7V 2 . When d = 0, the series in the right-hand 
side vanishes. So to prove the uniform equicontinuity of {gt}, it suffices to show 
that the series converges uniformly in d £ [0,1]. Since its terms are positive and 
monotone, it suffices to show the converge for d = 1: 


E e 

r,p=l 




| ^-aar/4 + [ exp ^^p-aar^ _ j] A e -/W2 j 


< OO. 


(4.18) 

To prove this, we will assume that Osc(y) is sufficiently small. Let us consider 
the sets 

Si = {(r, p)£N 2 :p< aar/ 8 }, S 2 = N 2 \ Si. 

Then taking 5 < SiV (aa/32) and Osc(y) < S , we see that 

1/4N 


E « 


rllVHo 


(r,p)eS 1 


j—aotr /4 


exp (c 6 e 2p - aar/2 ) 


- 1 


<C 12 (R,N) Y, e rm °°e~ aar/16 <C 13 {R,N)Ye~ aar/32 < 00 . 

(r,p)eSi r=l 
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Choosing S < aa/3/32, we get 


OO 


Y e r||y|1 


0p/2 < Cu Y e ~ Pp/A < °°- 


(r,p)eS 2 


These two inequalities show that (4.18) holds. 


□ 


5 Estimates for regular solutions 

In this section, we establish the exponential tightness property and obtain some 
higher order moment estimates for solutions in T~L S . 

5.1 Exponential tightness 

Here we show that the exponential tightness property in Section 1.3 is verified 
for the function <£(u) = |u|^„, if we choose x > 0 sufficiently small. Clearly, the 
level sets of d> are compact in R. 

Theorem 5.1. For any s < 1/2, there is x G (0,1) such that, for any R > 1, 
we have 

E„ exp (/ |u r |£ s dr^ < ce ct for any 0 G XrR > 0, (5.1) 

where c is a positive constant depending on R. 

Proof. It is sufficient to prove that there is x G (0,1) such that, for any R > 1, 
we have 



for any 0 G Xr, t > 0, (5.2) 


where 5 and c are positive constants depending on R. Indeed, once this is 
proved, we can use the inequality 


M& <d\u\^,+5- 1 

to derive (5.1), where x should be replaced by x/2. We divide the proof of (5.2) 


into several steps. 

Step 1: Reduction. Let us split the flow u(f) to the sum u = Oi + t> 2 + 3 , 
where Di(t) = [ui(f),hi(f)] corresponds to the flow of (0.1) with / = h = d = 0 
issued from 0 and U 2 (t) = [v 2 (t), ^(t)] is the flow of (0.1) with / = 0 issued from 
the origin. Some standard arguments show that the following a priori estimates 


hold: 


Eexp 



for any t > 0, (5.4) 


(5.3) 
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where and c\ are positive constants depending only on a, Q3i, and ||/i||i. Now 
using the Cauchy-Schwarz inequality and (5.3), we get, for any S < 8\/2, 



E„ exp 


x Eexp ^2<5 J |3(r)|^, dr^j . 

Combining this with (5.4), we see that inequality (5.2) will be established if we 
prove that 

Eexp J | 3 (t)|^« dr^j < ce ct for all t > 0 (5.5) 

for some S > 0 and c > 0. The rest of the proof is devoted to the derivation of 
this inequality. 

Step 2: Pointwise estimates. Let us note that, by construction, 3 is the flow 
of equation 


d}z + - Az + f(u) = 0, z\dD = 0, [ 2 ( 0 ), £(0)] = 0. (5.6) 

Let us differentiate this equation in time, and set a = z{t). Then a solves 

< 9 t 2 a+ 7 < 9 t a- Aa+f(u)d t u = 0, a\ dD = 0, [a(0), a(0)] = [0, -/(u(0))]. (5.7) 

We write a(f) = [a{t),a(t)]. Multiplying equation (5.7) by 2(—A) s_1 (a + aa) 
and integrating over D, we obtain 



(5.8) 


Let x < 1 be a positive constant that will be fixed later. Then, by the triangle 
inequality, we have 



Using the Holder inequality, we derive 


A < \f'(u)\ L P 1 \v 1 \ 1 Li Z^ P2 \u\L-P3\{-^) s 1 (a + aa)\ L P4, (5.10) 

A < |/ , (zi)|L«|^2^7i_^, 2 |w|L-< ! 3|(-A) 5_1 (a + aa)| L < ! 4, (5.11) 

A < \f'( u )\ L p i M r(i-«) P2 |( — A) 5 1 (a + aa)|iP 4 , (5-12) 


1-X 

L(i-k ) P2 


1-xr 

[ / (1-h)P2 
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where the exponents Pi,qi are Holder admissible. We now need the following 
lemma, which is established in the appendix. 

Lemma 5.2. Let us take pi = 6 /p,p 3 = 2/x,q\ = (p + 2)/p and q 3 = 2/x. 
Then, for x > 0 sufficiently small, the exponents P 2 ,P 4 , <72 and q 4 can be chosen 
in such a way that we have the following embeddings: 

H 5 ^ L (1 -~) p2 , H 1-5 L Pi , (5.13) 

H 1 L^-^ 2 , H 1-5 e —>■ L qi . (5.14) 

Step 3: Estimation of C\ and £ 3 . In view of Lemma 5.2 and inequalities (1.1) 
and (5.10), we have 

A < C7o|/ , («)| L ./,||* 1 ||i- , ‘||*iri|(-A)'- 1 (d + aa)||i_, 

< OiHwrlli—(||«||f + l)||*|n|a + «a||._i. 

Now let us suppose that x <2 — p. Then using (5.3) together with the Young 
inequality, we derive 

£1 < C' 2 |t>|^(||«||? + ||u|| 2 + C' J( )||d+ao||,_ 1 < C 3 i?(£(u) + C 3 )|a| w -i. (5.15) 
To estimate £ 3 , we again apply Lemma 5.2 and inequalities (1.1) and (5.12) 

£3 < C 4 (||u||f + l)\\a\\l-*\\u\n\d + aa|U_! < C 4 (||u||f + 

Applying the Young inequality, we get 

£3 <C 5 (£(u) + C' 5 )|a|^ 1 . (5.16) 

Step f: Estimation of £ 2 - It follows from Lemma 5.2 and inequalities (1.2) 
and (5.11) that 

£2 <C 6 |/'(rO| L(P+2 )/,||^||^^||«iri|(-Ar- 1 (d + aa)|| 1 _ s 
/ r \ P/P + 2 

< CV||*2||1 _ * f J (F(u) + vu 2 + C)dxj ||*||*||a + aa|| a _i 

< 0-811*2111-* (£(u) + C 8 ) p/p+2 ||u||*|a| w .-i. 

Finally, applying the Young inequality, we obtain 

£2 < Cg(£(u) + |t> 2 + C-g)|a|^*-i. (5-17) 

Step 5: Estimation o/|a|^s-i. Combining inequalities (5.8), (5.9) and (5.15)- 
(5.17), we see that 

^|a(t)|^»-i+o;|a(t)|^-i < C w R(£(u(t)) + |o 2 (i)&» + Cio) (|a(i)|^-*i + l) • 

(5-18) 

We now need an auxiliary result, whose proof is presented in the appendix. 
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Lemma 5.3. Let x{t) be an absolutely continuous nonnegative function satis¬ 
fying the differential inequality 

x{t) + ax{t) < g(t)x 1 ~ 13 (t) + b(t) for all t G [0, T], (5.19) 


where a,T, and ft < 1 are positive constants and g{t) and b(t) are nonnegative 
functions integrable on [0,7/. Then we have 


a 

2 


[ x 13 (r) dr < /? 1 (l+x( 0 ))P+ f (a+g(r)+6(r)) dr 

Jo Jo 


forte [0, T). (5.20) 


Applying this lemma to inequality (5.18), we obtain 


[ |a(r)|^ s „i dr < 2 x 1 (l + |a(0 + at 

Jo 

+ 2 Cio R f (f (u(r)) + | 02 (r)|^ s + Cio) dr. (5.21) 
Jo 


Step 6: Completion of the proof. Note that 

lal u> = Ml+I + \\& + OLzf, = ||Az|| 2 _i + ||a + az\\l 

On the other, in view of (5.6), we have 

l|A*||2_i = II® + 7 a + f( u )\\1-i < Ciidal^., + ||/(u)|| 2 ), 

whence we get 

\l\w < Ci 2 (|a|^_i + f 3 (u) + C 12 ) • (5.22) 

It follows that 

\i\h‘<Ciz{\o\Z.-x+£{v) + Cu), 

provided x < 2/3. Multiplying this inequality by a/2, integrating over [0,i] 
and using (5.21) together with the fact that 

K0)|^_i = ||/(u(0))|| 2 _i < ||/K0))|| 2 < CudloHS + 1), (5.23) 

we derive 

\i{t)\h‘ dr < Ci 5 ^1 + [£(u(r)) + |t> 2 (r)|^» + C 15 ] drj , 

where C 15 depends on R. Multiplying this inequality by a small constant S(R) > 
0, taking the exponent and then the expectation, and using (5.4) together with 
Proposition 3.2 in [Marl4], we derive (5.5). □ 
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5.2 Higher moments of regular solutions 

For any m > 1, let ro m and tt) m be the functions given by (3.19) and (3.20). The 
following result shows that they are both Lyapunov functions for the trajectories 
of problem (0.1), (0.3). 

Proposition 5.4. For any n G 1~L S , m > 1, and t > 0, we have 

E u tu m (u t ) < 2e - “ mt tr m (o) + C mi (5.24) 

E 0 tt> m (u t ) < 2e~ amt xb m (‘o) + C m . (5.25) 

Proof. Step 1: Proof of (5.24). We split the flow u(f; t>) to the sum u(f; o) = 
u(f)+ 3 (f), where u is the flow issued from o corresponding to the solution of ( 0 . 1 ) 
with f = 0. Let us note that here 3 = [z,z\ is the same as in Section 5.1. A 
standard argument shows that 

E|u(t)|*? <e- am >|^+C(m,||/ l || 1 ,® 1 ). (5.26) 

As in Section 5.1, we set a = z and write 0 = [a,a\. Notice that thanks to the 
Holder inequality, the Sobolev embeddings H 1 L 6 and H l ~ s ^ £ 6 /( 3 -p) for 
s < 1 — p/ 2, and inequality |u|^ < 2|£(u)| +3C, we can estimate the right-hand 
side of inequality (5.8) by 

C < Ci(\u\ p L e + l)||u|||(-A) s_1 (d + aa)| L 6 /( 3 -p) 

< C 2 (W? + 1 )IMIII( — A) J 1 (a + aa)||i_ s < C3(Iu|^ + l)||a + aa|| 6 _i 
— A C4 (£ 3 ( u ) + C4) ■ 

Combining this with (5.8), we infer 

— | a |^ s _i < — — |a|^ s -i + C 4 (£ 3 (u) + Ca) . 

It follows that 8 

= mlal^r^lal^-, < -am\ a \^ + C 5 (f 3 m (u) + C 5 ), 

where we used the Young inequality. Taking the mean value in this inequality 
and applying the comparison principle, we derive 

E|a(f)|^?_i < e-^KO)!^-! +C 6 [ e am{ - T ~*> (E£ 3 m (u(r)) + C 6 ) dr. 

Jo 

Combining this with (5.22) and (5.23), we get 

E\}{t)\%l < C 7 ^e~ amt £ 3m (p) + j e am ( T -^E£: 3 m (u(r)) dr + C-Jj . 

8 All the constants Ci,i > 5 depend on m. 
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Using the Ito formula, it is not difficult to show (cf. Proposition 3.1 in [Mar 14]) 
that 

E£ fc (u(f)) < exp(— akt)£ fc (o) + C(k, ||h||, * 8 ) for any k > 1. (5-27) 

It follows from the last two inequalities that 

E| 3 (i)$? < Cs(e~ amt £ 3m ( t>) + C 6 ). 

Combining this with the inequality 

{A + B) 2m < 2A 2m + C 9 B 2m for any A, B > 0. 
and (5.26), we infer 

E|u(t)|£? < E(|u(t)|„» + m\w) 2m < 2E|u(i)|&? + C7 9 E| 3 (i)|&? 

< + Cio(e~ amt £ 3 rn (v) + C 10 ). 

So that we have 

Etx, m (u(t)) < 2e~ amt \x>\%i + C 10 (e~ amt £ 3m ( t>) + C 10 ) + Ef 4m (u(f)) 

< 2 e~ amt + f 4r ») + Cn = 2 e~ amt W m (v) + C n , 

where we used the Young inequality together with (5.27). 

Step 2: Proof of (5.25). It was shown in Section 3.2 of [Mar 14], that for 
any x < ( 2 a)” 1 ®, we have 

E„ exp[>f£(u(t))] < exp(>r£ (t>)) 

Ax [ E b exp[x£ (u(r))](— a£ (u(r)) + (7(93, ||h||)) dT. 

Jo 

Using this with inequality 

e r (—ar + C) < —ame r A C 12 for any r > — C 

and applying the Gronwall lemma, we see that 

E 0 exp[x£ (u(t))] < e~ amt exp(x£(v)) +C 13 . 

Finally, combining this inequality with (5.24), we arrive at (5.25). □ 

6 Proof of Theorem 1.3 

The results of Sections 3-5 imply that the growth conditions, the uniform ir- 
reducibility and uniform Feller properties in Theorem 7.4 are satisfied if we 
take 

X = U, X R = B n ,(R), P^(u,T) = 0Pf*5u)(r), 
tu(u) = 1 + |u|^» + £ 4 (u), C=U, V e Us 
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for sufficiently large integer R 0 > 1, small <5 > 0, and any s £ (0,1 - p/ 2). Let 
us show that the time-continuity property is also verified. 

Step 1: Time-continuity property. We need to show that the function t e-» 
¥Yg{u) is continuous from R + to R for any g £ C m (TL s ) and u£?i s (recall that 
Woo =TL 5 )- For any T,t> 0 and u £ 'H 5 , we have 

<PtS(u) - VYg(u) = E u {[5 V (T) - 3 v (t)] <?(u t )} + E u {[ ff (u T ) - <?(u t )] Sy(T)} 
=: Si + 5 2 , (6.1) 


where ^y is defined by (3.4). As V is bounded and g £ C ro (H s ), we see that 


I Si I <E U 


exp 


F(u r ) dr^ - 1 


-v 




< Ci - l) e T " v 'll“E u tu(u t ). 


Combining this with (5.24), we get Si —> 0 as t —> T. To estimate S 2 , let us 
take any R > 0 and write 

e - T "v"«. |5 2 | < e u | g(u T ) - g(ut )I 

= E u {Ig^ I g(u T ) - 9(u t )|} + E u (I Gb \g(u T ) - ff(u t )|} 

=: S 3 + 5 4 , 


where Gr := {u t ,UT £ A'#}. From the Chebyshev inequality, the fact that 
g £ C m (H 5 ), and inequality (5.24) we derive 

S 3 <CiE u {l G f>(UT)+W(u t ))} 

< Cil?~ 2 E u |ro 2 (u7’) + iu 2 (u t )} < C 2 R ~ 2 vo 2 (u). 

On the other hand, by the Lebesgue theorem on dominated convergence, for 
any R > 0, we have S 4 —» 0 as t —> T. Choosing R > 0 sufficiently large and t 
sufficiently close to T, we see that S 3 + S 4 can be made arbitrarily small. This 
shows that 62 —> 0 as t —>• T and proves the time-continuity property. 

Step 2: Application of Theorem 7-4- We conclude from Theorem 7.4 that 
there is an eigenvector py G V(H) for the semigroup Tfi] * corresponding to 
some positive eigenvalue Ay, i.e., fp)’*/iy = A yPv for any t > 0. Moreover, the 
semigroup has an eigenvector hy £ C m (R s ) C C + (H S ) corresponding to Ay 
such that (hy, py) = 1- The uniqueness of py and hy follows immediately 
from (1.13) and (1.14). The uniqueness of py implies that it does not depend 
on to and (1.12) holds for any to > 1. It remains to prove limits (1.13) and (1.14). 

Step 3: Proof of (1.13). By (7.16), we have (1.13) for any if £ U. To 
establish the limit for any if £ C m (TL s ), we apply an approximation argument 
similar to the one used in Step 4 of the proof of Theorem 5.5 in [JNPS14]. Let 
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us take a sequence ip n £ U such that ||'0n||oo < IIV’lloo and ^ ^ as n -> oo, 

uniformly on bounded subsets of T~L 5 . If we define 

A t(g)= sup |A^q3^(u) - (g,nv)h v (u)\, \\g\\ R = sup \g(u)\, 

uex R uex H 


then 


At WO < A t(V’n) + \\hv\\R | (ip ~ 1p n , Pv)\ + ^v\\^t W> ~^n )|\r 

for any t > 0 and n > 1. In view of (1.13) for ip n and the Lebesgue theorem on 
dominated convergence, 

A t{ip n ) —> 0 as t —> oo for any fixed n > 1, 

\{ip — ip n , nv)\ — t 0 as n —>• oo. 

Thus, it suffices to show that 

sup Xy t \\^Y( 4 ’ - i>n)\\R -t 0 as n ->• oo. (6.2) 

t>0 

To this end, for any p > 0, we write 

\\¥Y(iJj -ipn)\\R < Ji{t,n,p) + J 2 {t,n,p), 


where 

Ji(t,n,p) = \\VpY((ip -i> n )^x p )\\ w J 2 (t,n,p) = \\¥] ((i/j - ip n )Ixc)\\ R . 

Since ip n — > ip uniformly on X pi we have 

Ji(t,n,p) < e(n,p) ||<P t y l|| fl , 

where e(n, p) — > 0 as n — >• oo. Using convergence (1.13) for ip = 1, we see that 

<C 3 (i2) for all t > 0. (6.3) 


Hence, 

supAy t Ji(t,n, p) < Cz(R) e(n, p) —>• 0 as n —> oo. 
t> o 

We use (3.1) and (6.3), to estimate J 2 : 

Xv t J2(t,n,p) < 2 \\iP\\ooP-W\WHr < C 4 (R)Moop- 2 \vWt’nRo 
<C 4 (1?)||^||ooP- 2 U3(1?o). 

Taking first p and then n sufficiently large, we see that sup t>0 Ay f ||0^' (t/ 1 ~ 
ipn)\\R can be made arbitrarily small. This proves (6.2) and completes the proof 
of (1.13). 

Step 4 : Proof of (1.14). Let us show that 

\y t (f^'(' l P-, v ) (' t P,Pv){hv, l/ ) as t -> oo 
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for any G C'b('H). In view of (1.13), it suffices to show that 


sup 
t> o 


a 


lx c R |Ay 4 fp]A( u ) — (Vb Mv)^v( u )| ^(du) > —> 0 as i? —>• cx). (6.4) 



hence 


A y fc fpJ V'(u)| < C6(J?o)fo(u), u € TL s , t > 0. 


Since /iy £ C m (H s ) and 


L 


(u) tn(u) y(du) —> 0 as i? —>■ oo, 


we obtain (6.4). This completes the proof of Theorem 1.3. 

7 Appendix 

7.1 Local version of Kifer’s theorem 

In [Kif90], Kifer established a sufficient condition for the validity of the LDP 
for a family of random probability measures on a compact metric space. This 
result was extended by Jaksic et al. [JNPS14] to the case of a general Polish 
space. In this section, we obtain a local version of these results. Roughly 
speaking, we assume the existence of a pressure function (i.e., limit (7.3)) and 
the uniqueness of the equilibrium state for functions V in a set V, which is not 
necessarily dense in the space of bounded continuous functions. We prove the 
LDP with a lower bound in which the infimum of the rate function is taken over 
a subset of the equilibrium states. To give the exact formulation of the result, 
we first introduce some notation and definitions. Assume that X is a Polish 
space, and £e is a random probability measure on X defined on some probability 
space (fig, JgjPe), where the index 9 belongs to some directed set 9 0. Let r : 
0 —>• R be a positive function such that lim^e rg = +oo. For any V G Cg(X), 
let us set 



(7.1) 


see rg 


where Eg is the expectation with respect to P@. The function Q : Cb(X) —> K. 
is convex, Q(V) > 0 for any V € C+(X), and Q(C) = C for any C G R. 
Moreover, Q is 1-Lipschitz. Indeed, for any Vf, V 2 € Cb(X) and 0 6 0, we have 



9 i.e.. a partially ordered set whose every finite subset has an upper bound. 
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which implies that 


Q{v i) < \\v 1 -v 2 \\oo + Q(y 2 ). 


By symmetry we get 


\Q(Vi)-Q(V 2 )\<\\V 1 -V 2 \\ 


The Legendre transform of Q is given by 



(7.2) 


(see Lemma 2.2 in [BD99]). Then / is convex and lower semicontinuous function, 
and 


Q(V)= sup ((V,a) - 1(a)). 


o-e-p(A') 

A measure ay G V(X) is said to be an equilibrium state for V if 

Q(V) = (V,a v ) - I(ay). 

We shall denote by V the set of functions V G Cb(X) admitting a unique 
equilibrium state ay and for which the following limit exists 



(7.3) 


We have the following version of Theorem 2.1 in [Kif90] and Theorem 3.3 
in [JNPS14], 

Theorem 7.1. Suppose that there is a function : X —> [0,+oo] whose level 
sets {u G X : <P(u) < a} are compact for all a > 0 and 


exp (rg($, Cfl)) < Ce cr ° for 9 G 0, 


(7.4) 


for some positive constants C and c. Then I defined by (7.2) is a good rate 
function, for any closed set F C V(X), 


limsup — logPg{Ce Gf}< — 1(F ), 


(7.5) 


eee r g 

and for any open set G C V(X), 


liminf — logP^Ce G G} > — J(W fl G), 

eeO rg 

where W := {ay : V G V} and I(T) := inf CTg r I (o'), T C V{X). 


(7.6) 
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Proof. The fact that I is a good rate function is shown in Step 1 of the proof of 
Theorem 3.3 in [JNPS14]. In Step 2 of the same proof, the upper bound (7.5) 
is established, under the condition that the limit Q(V) in (7.3) exists for any 
V G Cb(X). The latter condition can be removed, using literally the same proof, 
if one defines Q(V ) by (7.1) for any V G Cb(X) (see Theorem 2.1 in [dA85]). 

To prove the lower bound, following the ideas of [Kif90], for any integer n > 1 
and any functions Vi,... ,V n € Cb{X), we define an auxiliary family of finite- 
dimensional random variables Q := f n {C,e ), where /„ : V{X) —>• K™ is given 

by 

fn(fj) ■= ..., {V n ,/J,)). 

Let us set 

W„ := {ay : V G V f~l spanjVi,..., 14}}. 

The following result is a local version of Lemma 2.1 in [Kif90] and Proposition 3.4 
in [JNPS14]; its proof is sketched at the end of this section. 

Proposition 7.2. Assume that the hypotheses of Theorem 7.1 are satisfied and 
set J„(T) = inf CTe y-i^ r ^ 1(a), P C R ra . Then for any closed set M C R" and 
open set U C R n , we have 

limsup — logP{Ce e M } < - J n (M ), (7.7) 

6>ee re 

lim inf — log G U} > - J„(/„(W„) n U). (7.8) 

&&© re 

To derive (7.6) from Proposition 7.2, we follow the arguments of Step 4 of 
the proof of Theorem 3.3 in [JNPS14]. The case /(W fl G) = +oo is trivial, so 
we assume that IfW fl G) < +oo. Then for any e > 0, there is v e G W fl G such 
that 

I{y e ) < 7(W n G) + e, (7.9) 

and there is a function Vi G V such that v e = oy^_. By Lemma 3.2 in [JNPS14], 
the family {<4} is exponentially tight, hence there is a compact set K. C V(X) 
such that v e G /C and 

limsup — logP{Ce G /C c } < — (7(W fl G) + 1 + e). (7-10) 

6»G0 r 6 

We choose functions 14 G Cb(X),k > 2, || 14 ||oo = 1 such that 

OO 

dM :=^2- fe |(V4, M }-<14,^)| 

fc=l 

defines a metric on /C compatible with the weak topology. As G is open, there 
are S > 0 and n > 1 such that if 

n 

^2~ k \{Vk,v) - (V k ,v e )\ < 6 

k =1 
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for some v £ A, then v £ G. Let x E := f n {v s ), and denote by -B R ™(x £ ,<5) the 
open ball in l n of radius <5 > 0 centered at x e , with respect to the norm 

n 

\\x ||n •— ^ ^ 2 \Xfo |, X — ( X \, . . . , X n ). 

k =1 

Then we have f~ x [B^n(x e , <5))n/c C G, hence 

P(C« G G} > P{Ce G G n 1C} > P{Ce G /- 1 (s R n(x £ ,<5))n/c} 

= P{Ce G B Rn (x e ,S)} -P{Ce G /C c }. 

Using the inequality 

log(u — v) > logit — log 2, 0 < v < u/2 

and inequalities (7.8)-(7.10), we obtain 

lim inf — log P{(> GG}> lim inf — (log P{Q G Br* (x £ , 5)} - log 2) 

ee© rg 6e& rg ' ' 

> - Jn{fn(yVn ) l~l B K n (x e , 8 )) > ~I n {x e ) 

> -I(y e ) > —I(W n G) - e, 

which proves (7.6). □ 

Sketch of the proof of Proposition 7.2. Inequality (7.7) follows from (7.5). To 
show (7.8), for any (3 = (/3i,..., /3 n ) £ R" and a = (aq,..., a n ) £ R n , we set 
Vp := Y” =1 PjVj, Q n {/3) ■■= Q{Vp), and I n (a) := inf CTg/ -i (a) /(cr). One can 
verify that 

n 

QnW) = sup (V'/3 jOLj - I n (a )), 
aeR n J 

Jn{U ) = inf I n (a). 
a€U 

Assume that J ra (/n(VV n )nC/) < +oo, and for any e > 0, choose a E £ / n (W rl )nt/ 
such that 

In(a E ) < Jn(fn(W n )nU) + e. 

Then a E = f n {^Vp e ) for some (3 e £ R™ such that Vp e £ V. It is easy to verify 
that the following equality holds 

n 

Qnifie ) = ^ ( (3 E jOiej ~ 7 n (o; £ ). 

1=1 

Literally repeating the proof of Proposition 3.4 in [JNPS14] (starting from equal¬ 
ity (3.16)) and using the uniqueness of the equilibrium state for V = Vp e and 
the existence of limit (7.3), one obtains 

- Jn(fn(Wn ) 0 U) - e < -I n (a e ) < lim inf — logP{Ce G U} 

rg 

for any e > 0. This implies (7.8). □ 
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7.2 Large-time asymptotics for generalised Markov semi¬ 
groups 

In this section, we give a continuous-time version of Theorem 4.1 in [JNPS14] 
with some modifications, due to the fact that the generalised Markov family 
associated with the stochastic NLW equation does not have a regularising prop¬ 
erty. See also [KS01, LS06, JNPS] for some related results. 

We start by recalling some terminology from [JNPS 14]. 

Definition 7.3. Let X be a Polish space. We shall say that {Pt(u,-),u £ 
X,t > 0} is a generalised Markov family of transition kernels if the following 
two properties are satisfied. 

Feller property. For any t > 0, the function u P t (u, •) is continuous from X 
to M. + {X) and does not vanish. 

Kolmogorov—Chapman relation. For any i,s>0,u£ X, and Borel set T C 
X, the following relation holds 

p t+s (u,r) = [ p s (o,r)P t (u,do). 

J X 

To any such family we associate two semigroups by the following relations: 

Vt : C b (X) -4 C b (X), VMu)= f iP{x>)P t (u,d»), 

J x 

W-M+(X) ^ M+(X), ^>(T)= f PtO,r)/z(dt>), i>0. 

J x 

For a measurable function to : X —> [1, +oo] and a family C C Cb(X), we denote 
by C m the set of functions ip £ L^(X) that can be approximated with respect 
to || • ||£o° by finite linear combinations of functions from C. We shall say that 
a family C C Cb(X) is determining if for any //, v £ Xi + (X) satisfying {ip, p) = 
{ip, v) for all ip £ C, we have \i =■ v. Finally, a family of functions ipt : X —> R 
is uniformly equicontinuous on a subset K C X if for any e > 0 there is S > 0 
such that | ipt(u) — ipt{v)\ < £ for any u £ K, 0 £ Bx (u, S) fl K, and t > 1. We 
have the following version of Theorem 4.1 in [JNPS 14]. 

Theorem 7.4. Let {Pj(u,-),u £ X, t > 0} be a generalised Markov family of 
transition kernels satisfying the following four properties. 

Growth conditions. There is an increasing sequence {X/{}^ =1 of compact 
subsets of X such that Xoo := U^ =1 X/j is dense in X. The measures 
P t (u, •) are concentrated on Xoo for any u £ X^ and t > 0, and there is a 
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measurable function ro : X —> [1, +oo] and an integer Rq > 1 such that 10 


*>0 Wtl\\Ro 

SUp ||*P t l||oo 

te[o,i] 


< oo, 

< oo, 


(7.11) 

(7.12) 


where || • ||_r and || • ||oo denote the L°° norm on Xr and X, respectively, 
and we set oo/oo = 0. 

Time-continuity. For any function g G L^’(X 00 ) whose restriction to Xr 
belongs to C(Xr) and any u € A'oo, the function 1 K > tytgi u) is continuous 
from R + to R. 


Uniform irreducibility. For sufficiently large p > 1, any R > 1 and r > 0, 
there are positive numbers l = l{p, r, R) and p = p(p, r) such that 

Pi( u, B x (u, r)) > p for all u G X Rl u G X p . 


Uniform Feller property. There is a number Rq > 1 and a determining fam¬ 
ily C C Cb(X) such that 1 G C and the family {|| < |5 t l||^ 1 Cp t ^,t > 1} is 
uniformly equicontinuous on Xr for any ip G C and R> Ro. 

Then for any t > 0, there is at most one measure pt G T m (X) such that 
Pt(X oo) — 1 and 

y$tPt = \{t)p t for some X(t) Gl (7-13) 

satisfying the following condition: 

\\%m\\ R [ mdpt-^0 as R ^ oo. (7-14) 

Jx\x R 

Moreover, if such a measure pt exists for all t > 0, then it is independent 
oft (we set p := pt), the corresponding eigenvalue is of the form A (t) = A 4 , 
A > 0, supp/x = X, and there is a non-negative function h G L'^(X 00 ) such 
that (h, p) = 1, 

(<Ptft)(u) = A‘/i(u) for u G Xoo, t > 0, (7-15) 

the restriction of h to Xr belongs to C+(Xr), and for any ip G C m and R> 1, 
we have 

A -f< }l t ^> —>• (ip, p)h in C(Xr) D L 1 (X, p) as t —> oo. (7-16) 

Finally, if a Borel set B C X is such that 

sup( / tu(o) P s (u, do) ) —> 0 as R —► oo (7-17) 

ueB\Jx\x R ) 

for some s > 0, then for any if G C' v , we have 

A _t< Ptf/; —> (ip, p)h in L°°(B) as t —> oo. (7-18) 

10 The expression (*Ptro)(u) is understood as an integral of a positive function ro against a 
positive measure Pt(u, •)• 
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Sketch of the proof. Step 1: Existence of eigenvectors p and h. For any t > 0, 
the conditions of Theorem 4.1 in [JNPS14] are satisfied 11 for the discrete-time 
semigroup {<Pfc = tytk,k > 1} generated by P = P t . So that theorem implies 
the existence of at most one measure p t £ V m {X) satisfying pt(X, oo) = 1, (7.13), 
and (7.14). Moreover, if such a measure pt exists for any t > 0, it follows from 
the Kolmogorov-Chapman relation that p t = Pi =■ P and Aft) = (A(l)) 4 =: A 4 
for any t in the set of positive rational numbers, i.e., 

%p = A t p for t £ Q+. (7.20) 

Using the time-continuity property and density, we get that (7.20) holds for 
any t > 0. So we have p t = p and Aft) = A 4 for any t > 0, by uniqueness of the 
eigenvector. 

Theorem 4.1 in [JNPS14] also implies that supp p = X, A > 0, and there is a 
non-negative function h t £ L“(Xoo) such that (ht,p) = 1, the restriction of ht 
to Xr belongs to C+(Xr), and 

(f$tht)(u) = A t ht(u) forueXoo, (7-21) 

A~ tk Sp t k^ ~> {if, p)ht in C(Xr) PI L x {X, p) as k —» oo (7.22) 

for any if £ C m ,R > 1, and t > 0. Taking -0 = 1 in (7.22), we see that 
ht = hi =: h for any t £ Ql. The continuity of the function t i—» fp t h(u) 
and (7.21) imply that h t = h for any t > 0 and 

A~ tkf ]3 t ki> (V’j p)h i n C(Xr) fl i x (X, p) as k —>• oo. (7.23) 

Step 2: Proof of (7.16). First let us prove (7.16) for any if £ C. Re¬ 
placing P t (u,T) by A~ 4 P t (u,T), we may assume that A = 1. Taking 0 = 1 
and t = 1 in (7.23), we obtain sup fe>0 ||tpA;l||fl < oo. So using (7.12), we get 
sup 4 >o ibpaii r < oo. This implies that > 1} is uniformly equicontin- 

uous on Xr for any R > Rq. Setting g = if — (if,p)h 1 we need to prove that 
tg —> 0 in C(Xr) for any R > 1. Since {ip tg,t > 1} is uniformly equicontinu- 
ous on Xr, the required assertion will be established if we prove that 

: = {ffltg\,p} -> 0 as t ^ oo. (7.24) 

11 Let us note that in Theorem 4.1 in [JNPS14] it is assumed that the measures Pt(u, •) 
are concentrated on Xoo for any u G X. Here this is replaced by the condition that the 
measures Pt(u, •) and fit are concentrated on Xoo for any u E Xoo. The uniform irreducibility 
property is slightly different from the one assumed in [JNPS14]. Both modifications are due 
to the lack of a regularising property for the stochastic NLW equation. These changes do not 
affect the proof given in [JNPS14], one only needs to replace inequality (4.16) in the proof by 
the inequality 

sup || s Pfcbll.L“(x) < Ml ||0||i,~(x) for any i/i £ L^(X), (7.19) 

fc >0 

and literally repeat all the arguments. The proof of (7.19) is similar to the one of (4.16). Under 
these modified conditions, the concept of eigenfunction for ^t is understood in a weaker sense; 
namely, relation (7.15) needs to hold only for u E Xoo- 
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For any <p G L^(X), we have 

I= (M,m) = Mm> 

thus |fp t g| A , is a non-increasing function in t. By (7.23), we have |tytkglu —> 0 
as k —> oo. This proves (7.24), hence also (7.16) for any ip G C. 

An easy approximation argument shows that (7.16) holds for any ip G C m (see 
Step 4 of the proof of Theorem 4.1 in [JNPS14]). Finally, the proof of (7.18) 
under condition (7.17) is exactly the same as in Step 7 of the proof of the 
discrete-time case. □ 

7.3 Proofs of some auxiliary assertions 

The Foia§-Prodi estimate 

Here we briefly recall an a priori estimate established in Proposition 4.1 in [Marl4] 
Let Ut = [u, it] and t>t = [v, i] be some flows of the equations 

d 2 u + 'ydtu — Ait + f(u ) = h(x) + d t ip(t, x), (7-25) 

dfv + 'ydtv - Av + f(v) + Pn[/(u) - f(v)} = h(x) + x), (7.26) 

where is a function belonging to Lf oc (M. + , L 2 {D)). We recall that Pat stands 
for the orthogonal projection in L 2 (D) onto the vector span Hn of the func¬ 
tions ei, e 2 ,..., e^v and Pjv is the projection in 7 { onto Wn := Hn x Hn- 

Proposition 7.5. Assume that, for some non-negative numbers s and T, we 
have u,V £ C(s, s + T;TL). Then 

|P/v(Ot-u t )|^<e- a(t - s) |t> s -u s |^ for s <t < s + T, (7.27) 

where a > 0 is the constant entering (1.4). If we suppose that the inequality 
holds 

\\Wz\\ 2 dT<l + K(t-s) for s <t < s + T (7.28) 

for z = u and z = v and some positive numbers K and l, then, for any e > 0, 
there is an integer IV* = N*(e,K) > 1 such that 

|t> t - Ut|« < e _ “ (t_s)+ei |u s - u s |^ fors<t<s + T (7.29) 

for all N > A* and s < t < s + T. 

Proof. Estimate (7.29) is proved in Proposition 4.1 in [Mar 14]. To prove (7.27), 
let us note that 3 = [z, z] = Pjv(d — u) is a solution of the linear equation 

d 2 z + 7 d t z — Az = 0 . 



So we have 


|Pv(0t - Ut)\u = \it\li < e-^-% s \ 2 H < - u a | 


H- 


□ 
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Proof of Proposition 1.4 

Step 1: Preliminaries. We denote by &\' F the semigroup defined by (1.15), and 
write 6)' instead of &} ’ (i.e., F = 0). Let £)(Ly) be the space of functions if G 
Cb(TL s ) such that 


&Yif( u) = if(u) + f &r g(u) dr, t > 0, u G TL B (7.30) 

Jo 

for some g G Cb(TL 5 )- Then the continuity of the mapping t >->■ &}'g(u) from R + 
to K implies the following limit 


g(u) = lim 

t-y 0 


- 4>{u) 


and proves the uniqueness of g in representation (7.30). We set L, v tf '■= g. The 
proof is based on the following two lemmas. 

Lemma 7.6. For any F G Cb(TL s ), the following properties hold 

i) For any if G £>(Ly), we have ipt := &Y' F if G S(Ly) and 

dm = (W + F)ip t , t > 0. 


ii) The set 53 + := {if G 2)(Ly) : inf ug -Hs if(u) > 0} is determining for V(TL S ), 
i.e., if (if, ai) = (if,tif) for some G VfH 5 ) and any if G S)+, 

then <Ti = <72- 

This lemma is proved at the end of this subsection. The next result is estab¬ 
lished exactly in the same way as Lemma 5.9 in [JNPS14], by using limit (1.13); 
we omit its proof. 

Lemma 7.7. The Markov semigroup &Y has a unique stationary measure, 
which is given by vy = hy\xy. 


Step 2. Let us show that, for any if G S3+, we have 

Qr(F^) = 0, (7.31) 

where F ,^ := —L yif/if G Cb(Tl s ) and Qj?(TyO is defined by (1.16). Indeed, by 
property i) in Lemma 7.6, the function <p t = &Y' F *if satisfies 

dm = Tu To = if- 

From the uniqueness of the solution we derive that if = ipt for any t > 0, hence 
lim -log sup log(©J /,F,/ ’^’)(u) = 0. (7.32) 

t->+oo t ugXr 
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As c < ip(u) < C for any u£H s and some constants C, c > 0, we have 


Qr(F^) < limsup 1 log sup log(&Y' F * ip) {u) < Qr(F^). 

t —^+oo t uG-Xjj 

Combining this with (7.32), we obtain (7.31). 

Step 3. Let us assume 12 that l\(a) = 0. Then a G V(7i s ) and 

0 = llW)= sup {(F,a)-Ql(F)). 

Fec 6 (w») 

So taking here F = F^ for any ip £® + and using the result of Step 2, we get 

0< inf f hdL a (du). 

■0e£>+ J-^ s ip 

Since ©^ is a Markov semigroup, we have Lyl = 0. We see that 9 = 0 is a 
local minimum of the function 


m ■■= [ 

Jn* 


Ly(l + fl^) 

1 +dip 


■(clu) 


for any ip G S+, so 


0 = f'(0) = [ WtMdu). 

Combining this with property i) in Lemma 7.6, we obtain 

I &]'ipcr(d n) = [ ipa{du), t > 0. 

JU‘ 

From ii) in Lemma 7.6, we derive that a is a stationary measure for ©J , and 
Lemma 7.7 implies that <r = hypv- This completes the proof of Proposition 1.4. 

Proof of Lemma 7.6. Step 1: Property i). Let us show that, for any ip G Cb(fh s ), 

y p 

the function tp t = © t ’ ip satisfies the equation in the Duhamel form 


Pt = &Y*P + [ &Ys(F<p s ) ds. 
Jo 


(7.33) 


Indeed, we have 


Pt Ip — ^v 


xE u |exp^y V (u T )dr^ exp F 1 (u r )dT^-l h v (u t )ip(u t )^ 


12 As Ir defined by (1.7) is a good rate function, the set of equilibrium measures for V is 
non-empty. So the set of zeros of I is also non-empty, by the remark made at the end of 
Step 2 of the proof of Theorem 1.2. 
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Integrating by parts and using the the Markov property, we get 


— t u -1 


(fit &t V’ — ^ V h v 


x J Eujexp^y V (u T ) dr ^ F(u s )exp F(u r )dr^ h v (u t )ip(u t )^ ds 
= J |exp ^ y(u T )dr^/iv(u s )F(u s )^t- s (u s )|ds 

= [ &Y(F(fit- s )ds = [ &Y- S {F(fi s ) ds. 

Jo JO 

This proves (7.33). The identity 

©r (^r)(u) = <*V+t(u) = lfir(u) + [ (6^)(u) dr, t > 0, U £ ft 3 

Jo 

shows that ip r G S(Ly) for ip G S(Ly) and r > 0. 

S'tep 2: Property ii). Assume that, for some < 71,02 £ V(H S ), we have 

(V>, 0 - 1 ) = (ip, <j 2 ), ip £ £>+. (7.34) 


Let us take any ip G Cb(T~L 5 ) such that c < ip(u) < C for any u GW S and some 
constants c, C > 0. Then </3 r := ^ JJ dr belongs to for any r > 0. 
Indeed, the inequality c < <^ r (u) < C follows immediately from the definition 
of &Y, and the fact that <fi r G 2)(lLy) follows from the identity 


6 , 


r (p r -ifi r = -f (&X +t ip - &rip) dr = - [ &Xip&T - - [ &^ipdr 
r Jo r Jr r Jo 


= / e: 


V & v r iP-iP 


dr. 


Then, by (7.34), we have 


(<fir,cri) = ((fir, <J2), r > 0. (7.35) 

Using the continuity of the mapping r *—> ©); ip(u) from K.+ to K, we see 
that <^ r (u) —>• ip(u) as r —>• 0. Passing to the limit in (7.35) and using the 
Lebesgue theorem on dominated convergence, we obtain (ip, oq) = (ip, <t 2 ). It is 
easy to verify that the set {ip G Cb(H 5 ) : inf u6 ^ s ip(u) > 0} is determining, so 
we get <71 = cr 2 . 

□ 


Proof of Lemma 2.1 

The function / : J —»• K. is convex, so the derivatives D ± f(x) exist for any x G J. 
We confine ourselves to the derivation of the first inequality in the lemma. 
Assume the opposite, and let Xq G J, (rife) C N, and 77 > 0 be such that 

F> + fn k (xo) > D + f(x 0 ) + 77 for k > 1. (7.36) 
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Let us fix x\ G J, x\ > xo such that 

o*/W > _ , /4 . 

*1 — ^0 

Since f n . k is a convex function, we have 

D+f nk (x o) < f^)-fn k (xo) 

Xi - x 0 

Assume that fc > 1 is so large that we have 

\fn k ( x l) ~ f( x l)l + \fn k (x 0 ) - f(x o)| < v(xi ~ x o)/'4. 

Then, combining last three inequalities, we derive 

D + fn k (xo) < D + f(x 0 ) + 77/2, 
which contradicts (7.36) and proves the lemma. 

Proof of Lemma 5.2 

Let us first prove (5.13). We take p 4 = 6/(1 +2s) the maximal exponent for 
which the Sobolev embedding H 1-5 L Pi holds. We choose P 2 in such a way 
that exponents (p*) are Holder admissible. It follows that P 2 = 6 /(5— p— 2s— 3x). 
Now let x > 0 be so small that p + 2 sk < 2. Then a simple calculation shows 
that (1 — x)p 2 < 6/(3 — 2s), so the Sobolev embedding implies the first inclusion 
in (5.13). 

We now prove (5.14). Proceeding as above, we take q 4 = 6/(l+2s) and choose 52 
such that the exponents (g,;) are Holder admissible, i.e., 52 = 6 (p + 2)/(12 — (p + 
2)(1 + 2s + 3xr)). It is easy to check that for x < 1/2 — s, we have (1 — x)q 2 < 6 . 
The Sobolev embedding allows to conclude. 

Proof of Lemma 5.3 

In view of inequality (5.19), we have 

/3 -1 -^-(l + x) 13 = (1 + x) /3 ~ 1 x < (1 + x)^~ 1 (—ax + gx 1-/9 + b ) 
at 

< — ax{\ + a;)^ -1 + g + b < — —a:^ + a + g + b. 

Fixing t G [0, T] and integrating this inequality over [0, i], we obtain 

/3 -1 (l + x{t))P + ^ [ x^(t) dr < /3 _1 (1 + a^O ))' 3 + f (a + g(r) + b(r))ds, 

2 Jo Jo 

which implies (5.20). 
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